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1. INTRODUCTION 
Let f be a function holomorphic in D = (1 z / < 1 }, and set 
f,” = (P/Q) If?* ’ If’17 o<p<oo. 
Obviously, 0 < ff < 00 and ff = ](f”‘*)’ 1 iff is zero-free in D. It is known 
13, Theorem l] that f is of Hardy class HP if and only if 
li (1 - Izl)j-,*(z)‘dxdy < 03, - ,I (1.1) 
wherez=x+iy,O<p< co. 
A natural extension of ]f’I to a meromorphic function f in D is the 
spherical derivative f # = /f’ I/( 1 + 1 f I’), so that, roughly speaking, a natural 
extension of ff = ]dfp’*)’ ] is (fp’*)“. Thus, we define, for f meromorphic in 
D, 
f,*= (P/2) IfI”‘- v-l/(1 + If 19, o<p<co. 
Then, 0 <f ,” < co, and f F(z) = co only at zeros and poles of J If f has no 
zero and no pole in D, then f,” = (f ““)“. 
We now let GYP be the family of meromorphic functions f in D such that 
(1-2) 
Let ./’ be the family of meromorphic functions of bounded Nevanlinna 
characteristic in D 11, p. 1721. Our main result in the present paper is 
THEOREM 1. PD=.Nfor eachp, 0 <p < co. 
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Let N be the family of all holomorphic members of JY. Theorem 1 seems 
interesting, in contrast with HP # N for each p, 0 < p < co. In fact, the 
proper inclusion formula 
U HPcN 
O<P<rn 
is known [2, pp. 54, 611. 
2. THE SHIMIZU-AHLFORS CHARACTERISTIC 
The definition off,” (0 < p ( co) is also available for f meromorphic in a 
domain G in the plane C = (lz\ < co ). We begin with a basic 
LEMMA 1. Let f be meromorphic in a domain G c C. Then, for each p, 
0 < p -C 00, f ,” is locally and areally square integrable in G. 
Proof. We may assume that f is non-constant. We fix b E G, and we let 
r = ]z - bj > 0. Then,f(z) = O(rk) as r -+ 0, where k is an integer. Observing 
that 
f7 =g Ifl” f’ z 
4 (1 + If I”>’ 7 ’ 1 I 
together with ] f ‘(z)/f (z)I = O(r- ‘), one can conclude that 
f i(z)’ = O(repke2) 
if k < 0. In the case k > 0, it follows from 
that 
f,“(z)’ = O(rpk ‘). 
Therefore,$* is integrable in a small disk of center b. 
Now, we set D, = {]z] < r}, 0 < r < co, so that D, = D. Fix 0 <: R < co, 
and let f be meromorphic in D,. Set then 





Tp(r, f) = /-’ A,(t, f) t-’ & 
-0 
where 0 < Y < R and 0 < p < co. The function T,(r,f) of r is called the 
Shimizu-Ahlfors characteristic off, and it is known that 
I T2P3 f> - m-3 f>l (2.1) 
is bounded in 0 < r < R, where T(r,f) is the Nevanlinna characteristic off 
Il,P. 131. 
For the proof of Theorem 1 we shall need 
THEOREM 2. Let 0 ( R < 00, and let f be a function meromorphic in D,. 
Then, for each p, 0 < p < 00, 
/ TJr, f) - T(r, f)l (2.2) 
is bounded in 0 < r < R. 
To obtain the key lemma (Lemma 4), we begin with a lemma concerning 
the Laplacian, the proof of which is elementary but lengthy, and hence is 
omitted. 
LEMMA 2. Let f be meromorphic in a domain 
o<p<m, 
A log(1 + If/q= 4(f;)* 
except at the zeros and the poles off: 
G c C. Then, for each p, 
LEMMA 3. Let f be meromorphic in a domain G c G. Let 0 < p < 00, let 
0 < 0,(r) - e,(r) < 271, and let b E G. Assume that lim,,, Bj(r) = 19, (j = 1,2). 
Then 
-H?(r) 3 
lim r-O .I B,(r) r 5 log(l + If (reiH + b)lP) de 
= PQO, - e,), if b is a pole of order -k off, 
= 0. otherwise. 
(2.3) 
Proof. We may assume that f is not constant. Denote the integrand in 
(2.3) by 
F(re”, b, p) = r z log( 1 + /f (re’” + b)(“), (2.4) 
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defined for 0 < r < r,. Let 
f(z) = (2 - wk g(z), 
where g is holomorphic and non-vanishing in (Iz - 61 < ri}. Now, for 0 < 
r < r, and for real 8, 
F(re”, b, p) = r z log( 1 + rpk / g(re’” + b)jP) 
3 
pkrPk / g(re” + b)lP 
rPk+ ’ $1 g(re” + b)lP 
= 1 + rpk 1 g(re” + b)lp + 1 + rpk I g(re” + b)lP ’ (2.5) 
Note that 1 gl” and (a/&) I glp both are bounded in a small disk of center b. 
If k < 0, then the first term 
pk I glplVpk + 1 d”> 
of the sum in (2.5) tends to pk as r + 0 uniformly for 0, while the second 
term tends to zero as r -+ 0 uniformly for 8. Therefore, the limit in (2.3) is 
equal to pk(0, - 0,). In the case k 2 0, the first and second terms of the sum 
in (2.5) both tend to zero as t-4 0 uniformly for 8. Therefore, the limit in 
(2.3) is zero in this case. 
We let f be meromorphic in D, , 0 < R < ~13, and then set 
Ip(r, f) = $ i,“ log(l + IS(d” de, 
where 0 < r ( R and 0 ( p < 00. Let n(r,f) (n*(r,f), respectively) be the 
number of the poles off in D, (on {]zl = r), resp.), the multiplicity being 
reckoned, 0 < r < R. Observe that n*(r,f) = 0 except for countably many 
r’s. 
LEMMA 4. Let f be meromorphic in D,, 0 < R < 0~). Then, for each r, 
0 < r < R, and for each p, 0 < p < co, the following equality holds. 
(2.6) 
Proof. We may assume that f is non-constant. Let a,, 1 < K < m, be the 
distinct zeros off in D,, let a,*, 1 <I < s, be the distinct zeros off on 
11~1 = r}, let b,, 1 <p < n, be the distinct poles off in D,, and finally, let b,“, 
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1 < v < t, be the distinct poles off on {lz 1 = r). For small E > 0 we apply the 
Green formula to the function log(1 + IfI”) in the domain 
Then it follows from Lemma 2, together with the notation (2.4) that 
4 
J J%,* dx 4 D,(f) 
= 
r 






, b,, p) dB - i f”‘z’f’ F(&e”, b:, p) do, 
L(= I B,.,,(c) 
and I, is the set of 8 E [O, 2~) such that reie belongs to 
{Izl=r}- 6 (lz-a.fI<~}- 6 {lz-b?/<c}. 
A=I L’= I
Letting e + 0, and applying Lemma 3, one obtains 
27rpA,(r,f) = 27cpr$I,(r,f) + 2npn(r,f) + npn*(r,f), 
whence follows (2.6). 
Proof of Theorem 2. We may assume that f is not constant. Since 
log+ lfl <p-l k?dl + IfI”) < P-’ log 2 + log+ I./-l, 
it follows that 
m(r, f> < Zp(rr f> < p- ’ 1s 2 + m(r, f) (2.7) 
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for each r, 0 < r < R, where m(r,f) is in [ 1, p. 41. On the other hand, it 
follows from Lemma 4 that 
r-‘A,kf) = fZp(r,f) + r-‘n(r,f) + (2r)~’ n*(r,f), 
whence the integration yields that 
is bounded in 0 ( r < R, where N(r,f) is in [ 1, p. 41. Note that the 
troublesome casef(0) = co is treated as usual [ 1, p. 31. Combining (2.7) and 
(2.8) one can conclude that (2.2) is bounded for 0 < r < R. 
3. PROOF OF THEOREM 1 
The assertion 
f’ A,(r,f) dr < co 
-0 
(3.1) 




A,(r,f) r-’ dr = lii 7’,(r,f) < 03; 
note that T,(r, f) is non-decreasing. Therefore, in view of Theorem 2, fE Jtr 
if and only if (3.1) holds for some (hence every) p, 0 < p < co. Now, letting 
X,(z) = 1, if zED,, 
= 0, if zED-DD,, 
one observes that 
y/‘A,((r,f)dr=/‘drj f,“(z)‘X,(z)dxdy 
0 0 D 
= 
I 
f,“(z)’ dx dy 
= 
B 
(1 - ]z])j-,“(z)‘dx dy. 
D 
One may now assert that fE JY if and only iffE SP for some (hence every) 
p,o<p<cQ. 
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